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ENGLISH VERSION

Instructions : (1) As per the instruction no. 1 of page no. 1.

(2) Figures to the right indicate full marks.

(3) Follow usual notations.

1  Answer the following : 10
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Show that 2°" —1 is divisible by 31.

Given any positive integer k, show that there exist k
consecutive composite integers.

Given a repunit R, show that 11/R, if and only if 11/n.

Find the highest power of 5 dividing 1000 !.

Prove that ¢(3n)=3 ¢ (n)=>3/n.

For any integers k£ #0, show that 5
ged (ka, kb) = |k| ged (a, b).

Establish that the difference of two consecutive 4
cubes is never divisible by 2.

If a/c and b/c, with ged (a, b)=1, then show that ab/c. 3
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2 (@) For positive integers a and b prove that 5

gcd (a, b) - lem (a, b) = ab.

(b) Determine all solutions in positive integers of the 4
Diophantine equation : 18 x + 5y =48.

(©0 Prove that the square of any odd integer is of the 3
form 8 k + 1.
3 (a) State and prove fundamental theorem of arithmetic. 5

() For arbitrary integers a and b, show that a=5(mod n) 4

if and only if a and b leave the same nonnegative
remainder when divided by n.

(©0 Show that the product of two integers of the form 3
4n+1 is of the same form.

OR
3 (@ |If P, is the n' prime number, then show that p, <2?" 5

(b) Prove that JP is irrational for any prime p. 4

(© Show that every positive integer n has a unique 3

expression of the form n=2"m  r>0, m a positive odd

integer.
4 (a) State and prove Fermat's Little theorem. 5
() Solve the linear congruence : 36 x =8 (mod 102). 4

(© Let P(x)ZCka be a polynomial function of x with 3
ot

integral coefficients ck. If @ = b (mod n) , then show that :
P(a) = P(b) (mod n)

OR
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4 (a) Prove that the quadratic congruence x*+1= O(mod p), 5
where p is an odd prime, has a solution if and only if

P El(mod 4).

®) If N=a,10" +a, 10" +. . +a 10 +a, be the decimal 4
expansion of the positive integer N,0<a, <10 and
let S=a,+a;+....... +a, . Then prove that 9/N if and
only if 9/S.

w

(© If p and g are distinct primes such that a” =a (mod ¢)

and a? =a (mod p), then prove that a” =a (mod pq).

5 (a) State and prove Mobius inversion formula.

(b) Show that the function t and ¢ are both 4
multiplicative functions.

(© For real number x, find [x] + [-x]. 3
OR

5 (@) For a positive integer r, prove that the product of any 5
r consecutive positive integers is divisible by r!.

() If ged (m, n)=1, then show that the set of positive 4

divisors of mn consists of all products d;d, where
di/n, de/ m and ged (dq, doy) = 1.
© If n=ph . pi . pY is the prime factorization of n>1, 3

then prove that t(n)=(k +1)(k,+1)...(k, +1).

6 (@ If p is a prime which does not divide a, then show 5
k
that a¢ (p ) El(mod pk), k>0 1s any integer.
(b) If p is a prime and %k >0, then prove that 4
b (pk):pk _
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(© Find the last two digits in the decimal representation 3
of 325,
OR
6 (@ Letn>1and ged (@, n) = 1. If a, ay,...dy(,) are the 5
positive integers less than n and relatively prime to n,

then prove that aa,, aa,,...aa, , are congruent modulo

n to @, dy,...y () in some order.
(b) Let n be an odd integer which is not a multiple of 4

5, then show that n divides an integer all of whose digits
are equal to 1.

© For any integer a, show that &’ =a (mod 1729). 3
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